Introduction and description of results.
In this paper we present some results concerning spectral and propagation properties of a class of di erential operators \with small parameter", h (Planck's constant). We have in mind operators of the form a(x; hD x ) on a compact manifold (or on R n under additional assumptions at in nity) where a(x; p) is a polynomial in p bounded below. We are interested in trace formulae, localization of eigenfunctions and propagation of wave packets in the semi-classical limit, that is as h tends to zero. We present two sets of results: (A) The Theorems we announced in 32], including a rigorous proof of a version of the Gutzwiller trace formula, and (B) a general de nition of \wave packets" on arbitrary manifolds and a theorem on their propagation under the time-dependent Schr odinger equation. A secondary goal of this paper is to show how semi-classical problems can be treated with standard Fourier integral operator methods. We rst learned of this possibility while reading an article of Yves Colin de Verdi ere, 7] , (proof of Theorem 4.4). A rst version of the Gutzwiller trace formula was obtained by this method in joint work of one of us with Victor Guillemin, see 19] , in the course of studying elliptic operators with symmetries. This approach, which we believe is very natural (e.g. its underlying geometry is that of the pre-quantum circle bundle) is developed here systematically.
The apparent reason that H ormander's theory of Lagrangian distributions seems unsuited to the treatment of semi-classical problems is that it is a homogeneous theory. That is, in H ormander's theory all geometrical objects (e.g. Lagrangian submanifolds, symbols) are homogeneous under the R + action on the punctured cotangent bundle of the manifold where they live. This is clearly false of the corresponding semi-classical objects. Homogeneity is however restored if one assigns to h the order (?1). (Because each x derivative has a factor of h.) The Schr odinger operator becomes then formally of order zero, and therefore the fundamental solution of Schr odinger's equation i h@u=@t = a(x; hD x )u is the exponential of an operator of formal order one, namely ?i h ?1 a(x; hD x ). In our method we in fact realize h as a pseudodi erential operator of order (?1), microlocally in a region of bounded energy. This in particular leads to the proof of the trace formulae of 32].
To be more speci c, consider a Schr odinger operator on, say, a compact manifold M, -h 2 + V(x), where denotes the Laplacian on M. The time dependent Schr odinger equation is h i @ h @t = (? h 2 + V (x)) h : (1) One is interested in the initial value problem with initial condition 0 h in L 2 (M). Since we are interested in asymptotics as h ! 0, it is natural to prescribe the small h behavior of the initial data, 0 h . We shall do this by considering the h transform of the initial data, which by de nition is the Fourier transform in h ?1 , that is, the following distribution on M S 1 :
0 (x; ) = 1 X m=1 1=m (x) e im : (2) In making this de nition, we have tacitly restricted h to take the values 1=m, for m = 1; 2; :::. We'll see later on that in many cases this restriction on h can be lifted.
De nition 0.1 We will say that the family f 0 h g is of semi-classical type i the wave-front set of (2) is contained in the set f 6 = 0 g, where is the variable dual to . 
In fact, notice that p is homogeneous of degree one in the cotangent variable ( ; ). Of course one has to deal with the fact that ?1 is singular, and that besides that ?1 2 looks not like a classical symbol, but like a product-type symbol. However, we will see that, micro locally inside cones of the form k k ?1 < C and away from = 0, P can be treated as a rst order classical pseudo-di erential operator. Somewhat more precisely, the operator P will behave on families of semi classical type as a rst order operator, up to an error of size O( h 1 ). This heuristic discussion is valid for any di erential operator of the form a(x; hD x ) and is made mathematically precise in x3. In x1 we analyze its geometrical meaning; as we will see that the classical version of the h transform is the pre-quantum circle bundle of the initial phase space (this section is however not needed in the proofs of the main results).
Let us mention that the idea of taking the Fourier (Laplace) transform in the variable 1= h is also present in the study of Borel summability of semi-classical expansions, as developed by Andr e Voros, see 39] .
A summary of the results of the paper is the following:
The semi-classical trace formula (Theorem 5.3 announced in 32] (see also works of Meinrenken 30] and Dozias 11] for the case M=R n )): this is the main result of the paper and was actually the rst motivation of the formalism. In x6 we describe several variants:
relationship with Bohr Sommerfeld conditions, uniformity of the estimates in the energy, and the case where the ow is completely periodic (for the latter see also Dozias, 12] ).
Global h-Fourier Integral Operators (x3; see also 30] and 11]): we describe a theory of global Fourier integral operators with small parameter valid on manifolds. This includes the propagator of the Schr odinger operator, suitably microlocalized. Construction of Lagrangian semi-classical states and wave packets (and more general semiclassical states) on a Riemannian manifold (x2). We construct intrinsic Gaussian wave packets on manifolds and describe the action of Fourier integral operators on them. (For an independent theory, see Karasev's work, 27] .) Finally, in the appendix we observe that with our methods one can easily construct semiclassical pseudodi erential operators on manifolds. One immediately has an Egorov type theorem, and the uniformity of distribution of eigenfunctions in the ergodic case can be proved as in Colin de Verdi ere's work, 8] , thereby obtaining as a corollary the manifold version of a result of Hel er, Martinez and Robert, ( 23] ).
Preliminaries

Physical motivation.
Our objective in this subsection is to motivate our approach to semi-classical analysis by some general considerations in physical language. The basic idea of our approach is to take 1= h as a dynamical variable and not just as a parameter. Although we can't motivate this a priori, we feel that the considerations below justify this approach a posteriori. In the end this is just a philosophical issue; the concrete results of the method are the estimates derived in subsequent sections.
Let M be the con guration space of a mechanical system, and L : TM ! R a Lagrangian.
Here TM is the tangent bundle of M. In 10] , Dirac argued that the quantum analogue of the classical Action, S = R Ldt, is as follows:
h q 0 t+ t j q t i e i S ; (6) where here and in what follows = 1 h and in (6) S is regarded as a function of the endpoints, q 0 and q, of the classical trajectory which at time t passes through q and at time t + t passes through q 0 . This was to become later on the starting point of Feynman's derivation of the formula for the propagator as a path integral.
Of formula (6) (8) are the original classical momenta. It follows from this and a simple calculation that the new Hamiltonian is H(q; ) = _ q ? L(q; _ q) = H(q; p); (9) where H(q; p) is the Hamiltonian associated to the original Lagrangian, while the symplectic form ! = P dq i^d i is equal to the symplectic form de ned by the original Hamiltonian, P dq i^d p i multiplied by . Thus the change of variables (we will keep the notation throughout) = p transforms the Hamilton vector eld of H ; ! into the Hamilton vector eld of H ; !.
In our approach to semi-classical analysis, we regard as a dynamical variable. Introducing a new variable, , the variable conjugate to , consider (9) as a Hamiltonian of all the variables: H = H(q; ; ; ) = H(q; p) where p = ?1 : (10) This is a well-de ned function on the manifold
which we endow with the symplectic form ! + d ^d ; (12) where ! = P dq^d is the standard symplectic form on T M (independent of h!). Notice that is a symplectic cone: R + acts on it by the recipe 8r 2 R + r (x; ; ; ) = (x; r ; ; r ) (13) and r ! = r !. Also notice that H is homogeneous of degree one with respect to this action.
Thus we have homogenized the problem. 
The rst two equations are equivalent to Hamilton's equations for H, since = p. It follows that the third equation says that evolves according to minus the initial Lagrangian ?L.
The symplectic manifold can also be seen to arise from the Lagrangian L = rL(q; _ q) + _ ; (18) which is a Lagrangian on the Cartesian product of M and a two dimensional space C with coordinates ( ; ). This Lagrangian is singular in the sense that the Legendre transformation associated with it is not invertible. However, the image of the Legendre transformation is easily seen to be a symplectic submanifold of the cotangent bundle of M C naturally identi able with , and the Hamiltonian there is precisely H. Moreover, the canonical one-form on coming from the Lagrangian L, namely
is equal to = X i p i dq i + d ; (20) that is, the canonical one-form on the cotangent bundle of M R . The natural action of the multiplicative group, R + , on is Hamiltonian with Hamiltonian . The subset of ,
is a principal R + bundle over T M and the pull-back of (20) to P is a connection form whose curvature is precisely ?!. Thus P; is the pre-quantum bundle of T M, with structure group R + . We will investigate more closely the relationship between and the pre-quantum bundle in the next subsection.
The quantization of these classical considerations consists, as usual, to associate to a Hilbert space of functions de ned on M R . Since is an open set in T (M R ), it is natural to take the Hilbert space L 2 (M R ), (although for technical reasons it is sometimes useful to replace R by a circle group). If we follow the usual rules for the quantization of operators, namely q ! q (21) p ! ?i r q (22) e i ! e i (23) ! ?i @ @ ; (24) then, formally, the quantization of H(q; p; ; ) is (up to usual ordering problems) H = ?i @ @ h q ; (?i @ @ ) ?1 (?i) r @=@q : (25) The next section will be devoted to a precise de nition of this operator and to its microlocal properties, assuming given a quantization of the original classical Hamiltonian H(q; p).
The quantum states on which the quantization of H operates can be written, after Fourier transformation in , in the form (q; ) = Z (q) e i d : (26) The quantization of H commutes with @ , and so it preserves this decomposition. In fact each component corresponding to a given value of is of the form e i (q), where is the usual wave function with h = 1= . Conversely, given a family of states depending on h, we can form given by (26) . We will call the h-transform of the family. Thus the h transform is the quantum analogue of the geometrical homogenization procedure described above. We will make this analogy more precise in x2. We close this section with a remark on the physical meaning of the phase : If we remember that the evolution of the variable is given by the action along classical trajectories, we can interpret the phase factor e i as the semi-classical phase of the wave function, as de ned in the early days of quantum mechanics.
The semi-classical homogenization of (T M; !)
In the previous section we were led to consider the conic symplectic manifold = T (M R ) + := f (q; ; ; ) 2 T (M R ) ; > 0 g (27) which is the phase space of the homogenized semi-classical Hamiltonian H(q; ; ; ). We will now arrive at this manifold more invariantly: is the symplecti cation of the pre-quantum R -bundle of T M. This point of view will enable us to systematically homogenize symplectic objects in T M.
We begin by recalling some basic facts about pre-quantum bundles. Let (= P pdq) be the canonical one-form of T M, so that ! = ?d : (28) Then the one-form = + d (29) is a connection form with curvature ?! on the trivial R -bundle P := T M R :
The R bundle with connection (P; ) is the pre-quantum bundle of T M. It possesses the following important property. De ne a map from C 1 (T M) to vector elds on P, as follows:
H 7 ! # H + H@ (30) where # H is the horizontal lift (with respect to the connection (29) 
is a (2n+1)-dimensional Poisson subalgebra of C 1 (R 2n ): it is in fact the Heisenberg Lie algebra.
>From Proposition 1.1, we know that f H ; H a ne g is then a Heisenberg Lie algebra of vector elds on P = R 2n R . This of course is not surprising: P itself is the Heisenberg group and the algebra above is its Lie algebra. The space of homogeneous polynomials on R 2n of degree two is a Lie subalgebra of C 1 (R 2n ) isomorphic to the algebra of the group of symplectic linear transformations of R 2n . Under , one obtains an sp(n) algebra of vector elds on P = R n+1 , generating the action of the symplectic group on the Heisenberg group by automorphisms.
The connection form makes P a contact manifold. It is well-known that such manifolds have a homogeneous symplecti cation, which in the present case will turn out to be the manifold of the previous section. The symplecti cation is the following subset of the cotangent bundle of P, 0 T P n f0g: 0 = f (x; x ) ; x 2 P and > 0 g : (33) We summarize some basic properties of 0 in the following elementary Lemma: Lemma 1.2 Under the natural di eomorphism,
the canonical one-form of T P pulls-back to the form on P R + . Hence:
(1) 0 is a symplectic submanifold of T P, naturally symplectomorphic to = T (M R ) + .
(2) The Hamiltonian : 0 ! R (x; x ) 7 ! generates the R -action induced on 0 by the R action on P. (3) For every c > 0, the symplectic quotient ?1 (c)=R is naturally symplectomorphic to (T M; c!).
We will henceforth work with the model = T (M R ) + and will continue to think of P, De nition 1.3 We will say that a closed Lagrangian (resp. isotropic) submanifold, 0 T M, is strongly admissible i there exists a closed conic Lagrangian (resp. isotropic) submanifold such that 0 = ( \ P) =R : (34) We call a homogenization of 0 .
We now investigate when 0 is strongly admissible. Let : 0 , ! T M denote the inclusion of a closed Lagrangian submanifold. Since 0 = ! = ?d , the one-form is closed. We leave the following as an exercise: Lemma 1.4 0 is strongly admissible i is exact. If = df for some f : 0 ! R , then = f (x ; ; ) ; > 0 ; x 2 0 and = ?f(x) g (35) is a homogenization of 0 .
An example relevant to xx3,4 is the following: Lemma 1.5 Let H 2 C 1 (T M) and let f t g denote its Hamilton ow. For a given t, let
be the twisted graph of the map t (prime denotes re ection across the zero section 
where L : T M ! R is the function L = @ r H ? H ; (37) where @ r = P p @ @p is the radial vector eld in T M. De nition 2.1 Let M be a smooth manifold, and f m g a sequence of smooth half-densities on M. We will say that f m g is a semi-classical family (scf) i the series We will say that is the h-transform of the family. 
We must show that the estimates (42) imply that this is O( ?N ) for each N > 1, uniformly in ( ; ) in a neighborhood of ( 0 ; 0 ). In fact, it su ces to take of Euclidean norm one:
(45) a fact that will simplify the writing below. It would be desirable to have a converse to this lemma, or otherwise establish local criteria on f m g on M to be a scf. A moment's thought however shows that this is subtle: estimates of the type (42) are unchanged if we multiply m by a phase factor e i!m with an m-dependent phase. Such phase factors however can be expected to change signi cantly the h-transform of the family. We will see in the next subsection how to choose the phase of a family f m g in a \coherent" fashion.
Attached to any semi-classical family is its frequency set, FS(f m g), which we de ne next. To prove this proposition we will need to use the h-transform of the asymptotic Fourier transforms. We now digress to de ne it.
De nition 2. Let (q 0 ; p 0 ) be a point in the complement of ( WF ( ) \ P ). We will prove that it is not in the frequency set of f m g. The assumption implies that there exist: a cut-o function (q) such that (q 0 ) 6 = 0 and a neighborhood V containing p 0 such that 8 ; p 2 V ; q 2 R n (q; p ; ; 1) 6 2 WF ( ) :
(49) By (48), it follows that WF (F ( )) must be empty: on the one hand, by (49) it must be included in f = 0g but since by assumption WF ( ) , again by (48) WF (F ( )) is disjoint from this set. Hence F ( ) is smooth On the other hand, it is easy to see that De nition 2.8 The semi-classical wave-front set of f m g is de ned to be the set of the previous corollary, that is, the projection of WF ( ) \ P to T M. It will be denoted SWF f m g.
Thus the SWF of a scf is a ner invariant than the frequency set of the family: WF ( ) contains information on the phases of the m , while the frequency set only pertains to their size.
Lagrangian semi-classical states.
De nition 2.9 Let 0 T M be an admissible Lagrangian submanifold. A Lagrangian semiclassical state (scs) associated with 0 is a sequence f m g of (square integrable) smooth halfdensities on M such that its h-transform, :
Notice that, in particular, a scs is a semi-classical family; of course one of a very special kind. We will see in fact that a scs is in particular an oscillatory integral of the type considered by Duistermaat The point we wish to make in this section is that by the h-transform, the theory of compound asymptotics reduces to the standard theory of Lagrangian distributions. We will derive a local expression for a scs, and observe that it is identical to that of a compound asymptotic. Before starting in that direction, we rst notice that scs's are invariant under multiplication/division by m, which corresponds, on the h-transform side, to di erentiation/integration with respect to T (M S 1 ) n 0] and the ow-out of f = 0 g, see 20] . Since by assumption does not intersect f = 0 g, the action of this operator on is identical to that of a DO of order (-1). 2
Remark: The fact that the relative parametrix of D acts on semi-classical families as a pseudodi erential operator of order (?1) is fundamental for our approach to semi-classical problems, and we will make extensive use of this fact.
We will now prove the equivalence of scs and compound asymptotics. 
It is obvious that the is non-degenerate if 0 is, and that the Lagrangian submanifold parametrized by is = f (x; ? 0 (x; w) ; @ w 0 (x; w); ) ; @ w (x; w) = 0 > 0 g :
If one here sets = 1 and divides by the action of S 1 , one obtains the Lagrangian parametrized by 0 . This is su cient to prove the lemma. We would like however to point out explicitly that the rule C 0 3 7 ! 0 (x; w) (where C 0 = f(x; w) ; @ w 0 (x; w) = 0g) de nes a function f on C 0 such that df = (xdp) ; (54) where (x; w) = (x; (d x 0 ) (x;w) ) is the map parametrizing 0 and xdp is the canonical one-form of T M. Equation (54), which we leave as an easy exercise, implies that on a horizontal lift of 0 , = 0 ? 0 (x; w), which is satis ed by points on by (53). 2 Proposition 2.12 f m g is a Lagrangian scs associated with 0 i it is a compound asymptotics, that is i it can be written locally in the form (50).
Proof Assume f m g is a Lagrangian scs. By Lemma 2.11, the h-transform of f m g is given locally by an oscillatory integral of the form 
The function a(x; w)
1 ? e i + 0(x;w)] represents a distribution in (x; ; w)-space conormal to the hypersurface = i 0 (x; w), and (59) shows that is the push-forward of it to (x; ) space. By the assumption that 0 is non-degenerate, this shows that is a Lagrangian distribution associated to = f (x; ; p; ; 9w = ? 0 (x; w) ; @ w 0 (x; w) ; p = @ x 0 (x; w) g ; which is precisely a horizontal lift of 0 . The general case (i.e. when a depends symbolically on m) is an asymptotic sum of derivatives and integrals (with respect to ) of the previous case.
Since these operations preserve the class of scs, see Lemma 2.10, the proof is nished.
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Finally, we note that Lagrangian scs's obviously have a symbol:
De nition 2.13 The symbol of a scs f m g is de ned as the symbol of its h-transform, .
Hermitian semi-classical states
In this section we will construct semi-classical families associated to admissible isotropic submanifolds, ? 0 T Q, generalizing the construction of Lagrangian semi-classical states of x2.2.
Our construction is similar in spirit to that of Ralston, 34] , and Colin de Verdi ere, 6] , with the di erence that a symbol calculus (albeit a complicated one) exits in the present case.
Let M be a smooth manifold, and ? T M n f0g a closed conic isotropic submanifold. 61) is a Lagrangian immersion, which, since we are working locally, will be assumed to be an em- We now discuss the operators whose Schwartz kernels are semi-classical states associated to non-compact Lagrangians. We begin with a preliminary remark:
Lemma 3. Directly from their de nition, and by the general theory of Fourier Integral Operators, we see that scFIOs have a symbol calculus. We won't write down the the details of this, since it would be largely a repetition of the corresponding results for standard FIOs. As an indication of how the theory of scFIOs reduce to that of standard FIOs, we'll simply state the following result on propagation of wave-packets and of Lagrangian scs's: where a is a symbol as before (compactly supported in (x; y; w)). The error is in the C 1 topology.
Observe that the estimates are microlocally on compact subsets of the Lagrangian relation associated with F. We will discuss the case of sc DOs (the scFIOs with M 1 = M 2 = M and ? the diagonal) in the Appendix. 4 The Propagator.
In this section we will construct semi-classical approximations to the propagator of a Schr odingertype operator on a manifold M. The h-transform of the approximating operators will be an ordinary Fourier integral operator on the circle bundle M S 1 . In fact the sequence of the Schwartz kernels of their Fourier coe cients will be a Lagrangian scs. The approximation will be valid in a compact range of energies, which accounts for the nite-propagation speed of singularities proper of FIOs.
The setting is as follows. Let M be a compact manifold, and consider an h-dependent selfadjoint operator of the form 
where l is the principal symbol of P l .
We will make henceforth the following Assumptions:
8 (x; p) 2 T M H(x; p) > 0 ; and
Remarks: (a) Condition (71) can be weakened to: H bounded below. Indeed it su ces to add a large enough constant to S h to ensure (71); the reader can check that the statements of the trace formula and the propagation of semi-classical families theorem below are insensitive to the subtraction of a constant from the Hamiltonian. We assume (71) for convenience of exposition. (c) Condition (71) implies that the symbol of the zeroth order operator P 0 must be a positive function: H(x; 0) = P0 (x) > 0. The ellipticity condition implies that, for every h > 0, the spectrum of S h is discrete (see below). We will denote by f j; h g an orthonormal basis of L 2 (M) of eigenfunctions of S h , and by E j; h the associated eigenfunctions: S h ( j; h ) = E j; h j; h :
The h-transform of S h is de ned to be the following operator on M S 1 : 
and so the rst eigenvalue equation in (80) becomes (upon division by e ik k N ) S 1=k k;j = E j (k) k;j ; where E j (k) = k ?N k;j :
This procedure can be reversed, and we see that the eigenvalue problems (80) and (83) are equivalent via (81).
Energy localization
We now proceed to microlocalize P in an open cone away from f = 0g. The result is an ordinary DO, P f , that approximates P within a bounded range of energies. Begin by de ning
This is a rst-order, elliptic, classical self-adjoint pseudodi erential operator with eigenfunctions k;j and eigenvalues We will use the operator Q f to microlocalize the operator P. As mentioned earlier, the operator D ?1 is a pseudodi erential operator with singular symbol. Precisely, its Schwartz kernel is in a class I p;l ((M S 1 ) 2 ; 0 ; 1 ) of singular Lagrangian distributions of Guillemin and Uhlmann, where 0 is the conormal to the diagonal in (M S 1 ) 2 and 1 if the ow-out from f = 0g. We refer the reader to 20] for the theory of such distributions. The properties of these operators that we presently need are: (1) they are stable under the action of FIOs, and in particular DOs, and (2) 
We summarize the properties of P f that we need in the following:
Proposition 4.3 The operator P f is a classical zeroth order pseudodi erential operator on M S 1 commuting with D . It is microlocally supported in U f and it is microlocally equal to P in V f . In particular, in V f its symbol is P f j V f (x; ; ; ) = H(x; = ) :
(100)
In the next paragraph we use P f to approximate exp itD P.
Propagation of sc states
As a rst application of the previous construction of P f , we will now prove the following theorem:
Theorem 4.4 Let 0 T M be an admissible Lagrangian (resp. isotropic) submanifold, and let f m g be an associated Lagrangian (resp. Hermitian) semi-classical state. Then, for every t, Proof Write e itD P f ?e itD P = e itD P e itT ? I , where T = D (P f ?P) = D P(Q 2N f ?I Hermitian). This is indeed possible since by admissibility is a closed conic set in . From the lemma follows that the h transform of f exp(itmS 1=m )( m ) g and exp(itD P f ) ( ) ; (103) where is the h transform of f m g, di er by a smooth function on M S 1 , and hence one is a Lagrangian (resp. Hermitian) sc state i the other one is. We have seen that Q f is a classical self-adjoint zeroth order pseudodi erential operator, so W = D P f is a rst order operator and exp(itW ) is a Fourier integral operator whose canonical relation is the graph of G t , the time t map of the Hamilton ow of the symbol of W. By the invariance of Lagrangian (resp. Hermitian) distributions under FIO's associated to canonical graphs, we conclude that the h transform of (101) is a Lagrangian (resp. Hermitian) distribution associated to G t ( ). On V f however the symbol of W is H(x; = ) ; from which it is clear that the reduction of G t ( ) is t ( 0 ), and the proof of the Theorem is complete.
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The sequence of Fourier coe cients of the Schwartz kernel of the operator exp(itD P f ) is therefore a Lagrangian semi-classical family associated to the graph of the ow at time t of the reduction of the symbol of P f . The latter agrees with the classical Hamiltonian an the open set of the form H ?1 (E 1 ; E 2 ), and is zero outside a larger set of the same form.
We nish with a local oscillatory integral representation of the Shwartz kernel of the operator The resulting expression (valid for small time) is well known on R n , in the theory of Hel er and Robert, 24] . (See also recent work of Meinrenken, 30] , for an extension of that theory to all t).
Our formulation however shows that U f is globally a Lagrangian distribution, and therefore can be treated with standard FIO techniques. In (104) A h is an h-admissible zeroth order pseudodi erential operator (c.f. appendix), ' is a test function and E is a parameter. Each periodic trajectory with action H pdq in the support of' contributes to the small h behavior of (104). In the proof, we analyze the contribution of the trajectories with a given action, and then sum the estimates. Accordingly, we will assume that the Fourier transform of ',', is in C 1 0 (R). This restriction on ' is the main di erence between our result and Gutzwiller's trace formula, 21]. The restriction is necessary, in the sense that the sum of the contributions of in nitely-many trajectories in general is divergent.
The remaining assumptions in the STF are on the Hamilton ow of H on the energy shell
To begin with, we assume:
E is a regular value of H ; (106) so that E is a smooth (2n?1)-dimensional manifold. It is compact by the ellipticity assumption and the compactness of M. Physically, this assumption says that there are no equilibria with energy E. Without this assumption, the asymptotics of (104) 
Remarks: (a) The dimensions of the various connected components of P can range from one, dimension of a component of the form fTg where is an isolated trajectory, to (n ? 1), corresponding to the component E f0g. (b) Condition 2 in the previous de nition, applied to a connected component of P of the form fTg, is equivalent to the non-degeneracy of .
(c) Equation (109) is the di erentiated version of equation T (z) = z.
In order to state the STF, we need to review two facts implied by the \cleanness" assumption. For part 2 in general we refer to 19], Lemma 2.7; here we will simply describe the densities in the following three cases:
1. For the connected component E f0g, the density is the Liouville density on E .
2. For the connected component fTg corresponding to a non-degenerate trajectory, the density is dt p j det(I ? P )j
where t is the time variable along the trajectory (with an arbitrary initial condition) and P is the linearized Poincar e map of .
3. In case the Hamilton ow of H on E is periodic, let T # : E ! R be the \primitive period" function. Then the connected components of P are of the graphs of the maps mT 0 , m 2 Z, and as such are naturally identi ed with E itself. Under that identi cation, the density is just the Liouville density on E (see 38], section 3.4.1).
Finally, the formula involves the sub-principal symbol of S h , which is
where s;l is the subprincipal symbol of P l . From H sub we de ne a function, , on P, by averaging it:
: P ! R (z; T) 7 ! R T 0 H sub t (z) dt : (113) We are now ready to state the STF: 
where:
1. The sum P is over the connected components, P , of P containing at least a point (z; T)
with T in the support of'. This sum is nite. ' E j; h ? E h for any 0 < < 1.
The h transform of the spectral function
In the setting of the last section, let us introduce the notation E j (k) := E j;1=k and A j (k) := < A 1=k j;1=k ; j;1=k > :
In accordance with the spirit of this paper and 19], we will study the asymptotic behavior of
by studying the singularities of the Fourier series with coe cients (119), namely
We call this distribution the h transform of the spectral function. Our immediate goal is to show how, up to a smooth function, E can be constructed from the Schwartz kernel of the approximation to the propagator of x3.3.
We rst must say a few words about the matrix coe cients A j (k). such that E ?1=N 2 I f , and let K f;g (s; t; z; z 0 ) denote the Schwartz kernel of A Q f e iD (tPg+sI) . Then F E extends by continuity to a class of distributions containing K f;g and
We will break the proof into a series of lemmas. If 2 C 1 0 (R + ), de ne
Lemma 5.6 If 2 C 1 0 (R) is identically 1 on an interval I containing E in its interior and
where the estimate is locally uniform in E. Hence E ? E is a smooth function.
Proof To lighten-up the notation a bit, we'll take A j (k) = 1; all we need for the proof is that the matrix coe cients are bounded by a constant independent of j and k, because A is zeroth order.
We must show the rapid decrease in k of
We will rst establish the rough estimate 9 C; l; m 8 ; k # f j ; E j (k) + 1 g C l k m ; (126) which is a consequence of standard Weyl-type estimates on the eigenvalues of the elliptic di erential operator R (de ned in (78)). More speci cally, recall that the eigenvalues of R are the numbers k N E j (1=k), indexed by pairs of indices (k; j). There exists then a constant C such that
(see for example 36] Theorem 21.2). Fix now k and set 0 = k N . Since the pairs (j; k) in the set (127) with a given k are not more than with k variable, get the inequality
Summing k N of such estimates, each for the number of E j (k) ranging in an interval of length k ?N between and + 1, gives
with the same constant and for all ; k. This proves (126). Now recall that ' is rapidly decreasing. 
It follows that the absolute value of (125) (139) By lemmas 5.6 and 5.9, the proof of Proposition 5.5 is complete.
Proof of the trace formula
Proposition 5.5 reduces the problem of studying the singularities of E to a problem of composing two Fourier integral operators: we must show that, under the hypotheses of the trace formula, the result of applying F E to K f;g is a Lagrangian distribution. We must then locate its singularities, and compute the associated symbols. Finally, one uses an elementary fact that the Fourier coe cients of a Lagrangian distribution on the circle have an asymptotic expansion governed by the singularities of the distribution. All this analysis is in fact identical to that contained in 19], here we will simply highlight the main features for completeness. We will continue to use The proof follows from the STF and the previous lemma.
Estimates Uniform in E.
In Theorem 5.3, the parameter E was constant: Assumptions on H ?1 (E) translate into estimates with xed E. Here we show that assumptions on a band of energies H ?1 E 0 ? ; E 0 + ] translate into the local uniformity in E of the asymptotic expansion (114). The idea is to consider as a distribution on the (s; E)-plane:
(151) (This distribution is also of use in the study of the case when E is a critical value, see 3] .) The analysis of (151) is analogous to that of E , so we will be brief. First, the operator F(u)(s; E) = F E (u)(s) (where F E is as in x4) is a Fourier integral operator given by the same oscillatory integrals (138). The canonical relation, C, of F is the set of all points of the form ( (s = + tE; ) ; ( ; ; t; E ; x ; x) ) : (152) A version of Lemma 5.6 also holds for the derivatives of (124) with respect to E, and so the localization process of x4.2 can be applied to . The conclusion is: Proposition 6. where the integral is along the periodic trajectory de ned by (x; p) and t.
Notice that the inverse of the slope = of a covector in WF( ) has the interpretation of the period of the classical trajectory with energy E producing the singularity.
Next we turn to the clean intersection condition that will ensure that is a Lagrangian distribution.
Proposition 6.5 is a Lagrangian distribution when restricted to the open set S 1 (E 0 ?
; E 0 + ) provided that:
(1) The set P := f(z ; t) 2 H ?1 (E 0 ? ; E 0 + ) J ; t (z) = zg ; where J is some open neighborhood of Supp' and f t g the Hamilton ow of H on T M, is a submanifold, and (2) 8(z; t) 2 P, the tangent space T (z;t) P equals the space of all ( ; ) 2 T (z;t) (T M R ) such and the horizontal arrow is the diagonal inclusion. This condition is precisely (1) and (2) We now discuss scFIOs in the case M 1 = M 2 = M and ? the diagonal. The corresponding scFIOs will be called semi-classical pseudodi erential operators, or sc DO . Our goal is to associate, to certain functions a on T M, a sc DO with principal symbol a.
Pseudodi erential operators with a small parameter, a(x; hD x ), are usually set up on R n , within the Weyl calculus, under the name of h-admissible operators ( 24] , 26]). They di er from the usual DO theory by the lack of homogeneity of the symbol: The principal symbol of a(x; hD x ) is the full amplitude of a(x; D x ). On manifolds, DO theory is well established by the classical result on the invariance of the symbol classes under coordinate changes, and the invariance of the principal symbol as a function on the cotangent bundle. The latter fails for the lower order terms of the symbol and this does not allow a naive de nition of operators of semi-classical type. In this appendix we make explicit the theory of semi-classical DOs on manifolds, within the framework used for the scFIOs of x3. After writing a direct de nition of such operators we prove an Egorov type theorem. Finally we apply this machinery to prove the uniform distribution of eigenfunctions in case the classical ow is ergodic, that is the manifold version of the Theorem of Hel er, Martinez and Robert in 23].
A.1 De nitions and rst properties
Let M be a smooth compact manifold, and let P be a classical, properly-supported pseudodifferential operator of order zero on M R . (Recall that \properly supported" means that the projections from the support of the Schwartz kernel of P to M R are proper.) Therefore P, de ned originally on C 1 0 (M R ), extends to C 1 (M R ). Denoting the variable on R by , we also assume that P commutes with D .
De nition A.1 For every h > 0, de ne the operator P h on C 1 (M) by: P h (f) = e ?i h ?1 P e i h ?1 f] : (158) The family fP h g h will be called a sc DO . If P denotes the principal symbol of P, the sc symbol of fP h g h is de ned as the function H P (x; p) = P (x; = p; = 1) : (159) Remarks.
1.-Since P; D ] = 0 the right-hand side of (158), as well as P , are independent of . 2.-The reason to insist that P be of order zero is because, morally speaking, in P h every derivative should be accompanied by a factor of h, and the latter have virtual degree (?1).
3.-Observe that according to our de nition a Schr odinger operator ? h 2 + V is NOT a sc DO . However it becomes one after micro-localization in an energy band (i.e.
the Fourier components of the operator P f of x4 is a sc DO ). As we have already seen, such energy-localized operators are the only ones that have a reasonable semi-classical behavior. 4.-It is immediate that the class of sc DO s forms an algebra, and that the standard symbol calculus formulae apply to the sc symbol.
We next obtain the local oscillatory integral representations of a sc DO . De nition A.9 The algebra of sc DO s on M de ned by the previous Lemma will be called the algebra of admissible observables, and denoted O(M).
Obviously the sc symbols of admissible observables are precisely the elements of S(T M).
Finally, observe that an operator P on M R of giving rise to a sc DO induces a DO on M S 1 commuting with D , the Fourier components of which are naturally identi ed with P h with h = 1=m.
A.2 Egorov's Theorem, positive quantization and uniformity of eigenfunctions.
Consider now the operator P f of x4. Recall that it is a microlocalisation in a region V I corresponding to an energy band I of an operator of the form P N j=1 h j P j where P j is a di erential operator of order j on M. Theorem A.12 (Uniformity of eigenfunctions in the ergodic case.) Let S h be as in x4. Let us suppose that the ow of H (the symbol of S h ) is ergodic on a regular energy surface E . Then there exists a density one sequence of eigenvalues E j k of S h tending to E as h tends to 0, such that for every sc observable A h with sc symbol a one has: 
